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I. INTRODUCTION 
In a previous paper 111, we examined those systems of field equations 
which arose from extremal statements in an affinely connected space 
without torsion. The analysis did not require the generating Lagrangian 
functions to admit any specific transformation properties; but rather 
were allowed to be quite general functions of class C2. It was then shown 
that the affine field equations could be satisfied in terms of 14 potential 
functions if the Lagrangian function was required to be a pseudo-scalar 
density of class + 1 and if the constitutive assumption of semiemptiness 
was satisfied. 
The object of this paper is to present potential solutions of the affine 
field equations for those cases in which the Lagrangian functions are 
pseudo-scalar densities of weight ze, and class u. These potential solutions 
are most easily obtained from the study of affine connections in a well 
based L,,r given in Sections II through V. The requirement of a symmetric 
affine connection has been relaxed in these sections since the analysis 
is quite general, and holds, irrespective of the affine field equations. 
The notation used in this paper is, in almost all cases, the same as 
that introduced in I. 
II. BASE FIELDS 
We take for the ground space of definition an L,. By an L,, we mean 
an n dimensional space d such that: (1) its point set topology is 
Hausdorffien, and (2) an affine connection is defined over every compact 
point set.2 
* This research was initiated while the author was a member of the Research 
and Development Laboratories, Hughes Aircraft Company, Culver City, California. 
1 Cf. Section II for the definition of a well based L,. 
2 This definition is equivalent to that given by Schouten [Z]. 
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Let g,+(x) be a pseudo-tensor field of class u 3 and weight w with the 
following properties : 
(4 ga, E C”, t > 2, (2.1) 
(ii) g[alll = 0, (2.2) 
(iii) 0” = /det (gd # 0, (2.3) 
(iv) gap;p = - QpnP(g’x~~ x9. . . ) (2.4) 
where QPi, is a given pseudo-tensor function of class u and weight w 
which is analytic in its arguments. 
DEFINITION 1: A pseudo-tensor field gA, of class zc and weight w which 
satisfies Eqs. (2.1) through (2.4) is said to be a base field of class u and 
weight w. 
DEFINITION 2 : An L, for which a base field of class at and weight 
w # - $ is defined over every compact set will be said to be well based, 
and will be denoted by Bn(*, Ib). 
Unless explicitly stated to the contrary, any L, under consideration 
will be a B,(“r”). 
By Eqs. (2.2) and (2.3) there exists, in every B,@s”), a unique, sym- 
metric pseudo-tensor field 
gap = g,,,/g (2.5) 
of class -u and weight -w with the property 
gap gpc = gal grg = s:. (2.6) 
The field g’@ will be referred to as the reciprocal base field; and, together 
with ga/,, will be used to raise and lower indices in the usual manner. 
Note: Since g,, (g”“) is a pseudo-tensor field of class ti (-M) and 
weight w (-w), the lowering (raising) of an index will additively change 
the pseudo-tensor class of the object operated upon by u (-u) and 
will additively change its weight by w (-w). 
Let Tf;:: : be a pseudo-tensor density of weight w and class u defined 
over an L,, and define the operator VP by 
0, T;::: Ei Tfn:::,p + Lrpp TI;::: + . . . 
- L’,,! T;::: - . . . (2.7) 
3 In addition to coordinate transformations, pseudo-tensors of class u are subject 
to guage transformations g+ + a* g,+ Cf. Schouten [2, p. 111. 
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(i.e. : V,< 7‘;: 1: would be the covariant derivative of r;::: if ?‘I: 1: werca 
of zero weight and class). The covariant derivative of T;: 1: is then given 
by i2, p. 130: 
T;:::;,, = V,, 7‘:::: - (w/L,, i u$,,)T;::: (2.X) 
where 
L, ‘kf q,, (2.9) 
and where #,, are geometric quantities subject to the transformations 
#,c = A::/ #p $- (In o),,,, (2.10) 
under combined coordinate transformations x@ + xp’ and gauge trans- 
formations 5‘ -+ ot r2, p. 1301. 
III. THE AFFINE CONNECTION OF A WELL BASED L,, 
We shall now show that the hypothesis of a well based L, allows us 
to uniquely determine its affine connection in terms of certain subsidiary 
quantities. 
THEOREM 1: The affine connectiorc of a B,@~“) is a uniquely determined 
function of (1) the base field, (2) the torsion field 
s,; Ef L&J., (3.1) 
(3) the quantities #cl’ and (4) the numbers u and W; and is given bj 
where 
Tw) ,Zf Tpp~ - Tpa,, + TA,,, Q;,, = Qwi - 2Smi (3.3) 
and where I’;,, aye the Christoffel symbols of the second kid formed from 
the base field g,,,. 
PROOF: By hypothesis, the space is a B+,(“,u) and hence Eqs. (2.1) 
through (2.4) hold. Thus, expanding Eq. (2.4) by Eq. (2.7), we have 
0,‘ gar = - Hprtr (3.3) 
.-1FFINE FIELD EQUATIONS 39’7 
H ,A %* Q,,ar - (w&t + u&Jgnr. (3.4) 
Permuting the indices @t) and taking the sum of the permutations 
(r~At), (t,~;3) diminished by the permutation (A~,u), gives 
- 2s,,” g,, - 2s,np g,,,. 
Thus, multiplying by the reciprocal base field gLr and relabeling the indices, 
we obtain 
where 
and where 
are the Christoffel symbols of the second kind formed from gmD. Equation 
(3.5) is not a complete solution for Lrccl, however, since HpAz depends 
on L, = LTpz as shown by Eq. (3.4). Contracting Eq. (3.5) with respect 
to (rlr), we have 
L:,, = L,, = .rt,,, + + gtP(H{fiprj - 2.&,:,). (3.7) 
Now 
so that 
P %wat = c~(Qi,wt) - 4hr gprd - 4~4,. 
Thus Eq. (3.7) yields 
(1 + 244~ = I-,,, + t grp Q;pprl - 2u$,, ; 
which may be written in the more useful form 
(1 + 24-L, = S ((In g),,, + gtoQ;ljpr)) - 2~4,~~ (3.9) 
on using the following equation 
rTJer = 3 gsa(gta),,l = 4 (In g),!,. (3.10) 
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By definition 2, ~4’ # - ok since the space L, has been assumed to be 
well based and hence Eq. (3.9) may be solved for L,,. Thus, substituting 
Eq. (3.9) into (3.4) gives 
(3.12) 
has been used. Hence, upon substituting Eq. (3.12) which is now in- 
dependent of LaSy, into Eq. (3.5) yields Eq. (3.2). Q.E.D. 
IV. THE CtJRVATURE TENSOR IN i?,,("'@ 
The curvature tensor of an L, is defined by 
and yields 
Fn;rpp] = 4 K&J% + S,;Fa,o (4.2) 
for any covariant vector Fz. which possesses continuous second derivatives. 
The question arises as to the explicit form of KrApp in a B,(“~“). 
THEOREM 2: We have, for all B,(“p”), 
* 
Krapp = J;p,‘ + 2 PI, P;]n - 2P;,&‘“,,r + =,,f P=,n (4.3) 
where (1) 
(4.4) 
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* 
is the curvature tensor based on gA,, (2) 0, is the covariant differential 
operator formed with the affinity P,+, and (3) 
PROOF: From Eqs. (3.2) and (4.5), we have 
L”,r = r;, + PTp,. (4.6) 
Substituting (4.6) into (4.1), one then obtains (4.3) [2, p. 1411. Q.E.D. 
V. ON THE REDUCTION OF AN L, TO A WELL BASED L, 
In the previous sections, we have examined the problem of deter- 
mining the components of affine connection and the curvature tensor 
under the assumption that a base field is given. If, on the other hand, 
we are given the components of affine connection in an L,, the question 
naturally arises as to the conditions under which the L, reduces to a 
well based L,. 
From Definition 2, a given L, will reduce to a well based L, if and 
only if there exist a pseudo-scalar density gX,.r of weight rv # - + and 
class u which satisfies Eqs. (2.1) through (2.4), for a given LorBy. From 
Eqs. (2.2) and (2.4), we have 
and 
grc$ = 0 (5.1) 
gafi;y = - Qva&x,m =, . . . ). (5.2) 
Since Qvcls has been assumed to be analytic in its arguments, we may 
expand QWP in a power series in gap, yielding 
Qw&av . . . ) = $a, + Q% gap + Q;:;' gap grg + . . . . (5.3) 
Thus, Eq. (5.2) becomes 
where g),, . 6 , has been eliminated by use of Eq. (5.2). We thus obtain 
Designating Eqs. (5.1) as system 0, equation (5.7) as system 1, and the 
equations obtained from (5.7) by successive covariant differentiation 
and elimination of gapiu as systems 2, 3, . . . , we may apply the fun- 
damental existence theorem for systems of first order partial differential 
equations. Thus, there exist solutions to Eqs. (5.2) if and only if there 
exists an integer N such that the first N systems of equations designated 
above are algebraically consistent and imply the identical satisfaction 
of the (N + 1)th system. 
In order that a solution gap of Eqs. (5.2) may be taken as the compo- 
nents of the base field of a well based L,, it is necessary, by Eq. (2.3), 
that det (gap) shall not vanish in the region 94? under consideration. 
It is, therefore, necessary that one of the solutions g$ of the first N 
sets (5.1), (5.7), . . . , be such that det (g$) # 0. By taking com- 
binations of the solution g$ and other solutions of the N sets of 
equations, we can obtain a fundamental system of solutions g$ of these 
equations i=l,..., $. Since all of the g$ satisfy the (N + 1)th set 
of equations, we obtain a solution gJx) of (5.2) by integrating a 
completely integrable system of partial differential equations [Eqs. (5.2) 
together with the first N sets of equations yields a completely integrable 
system of equations from the fundamental existence theorem for systems 
of first order partial differential equations]. Hence, the solution g@(x) 
to equation (5.2) can be made to take on at an arbitrary point P the 
initial values corresponding to any one of the fi fundamental solutions 
g$; the determinant of which will not vanish in a neighborhood of the 
point P. We have thus proved the following: 
4 Cf. Schouten [2], p. 141, Eq. (4.19). 
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THEOREM 3: A necessary and stifficient condition for an L, to reduce 
to a well based L, throughout a region 9 is that there exist an integer N (2 1) 
such that the first N sets of Eqs. (5.1), (5.7), etc. admit a fHndamenta1 system 
of solutions g’$ i = 1 9, with rzonvanishing determilzants, such that 
each solution iih sati$e;‘;he (N + l)th set identically. 
VI. THE BUILDING TENSORS OF THE AFFINE FIELD 
The fundamental building tensors of the affine field theory are given by 
(I-2.6) R,a dzf K’wqp (6.1) 
(I-2.7) A, E* KP,,z,, W-4 
where 
s,,” = 0 (6.3) 
is assumed to hold. Rewriting Eq. (4.5) in the equivalent form 
P:2. = TLA - g”‘S& + . . . (6.4) 
where 
is independent of .S,@‘, we have 
lim (P>i) = T>J.. (6.6) 
a 
%B -@ 
Thus replacing PTlln by FPA in Eq. (4.3) and using Eqs. (6.1) and (6.2), 
we have for any Bfi”) 
* * * 
RMA = Ja + V, TiA - ij VP TP,,a - & VA TPpp + F&P TP,A - T”~~ TP,n (6.7) 
and 
* 
A, = W,, T”,,e = ~,+I.~I 
We have thus proved the following 
(6.8) 
THEOREM 4: The fundamental buildivcg tensors Rpl and A,, aye uniquely 
determaned ficnctaons of gas, QcrSr, $, and their derivatives in a well based L,, 
and are given by Eqs. (6.7) and (6.8). 
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VII. AFFINE FIELDS IN A \VEI.L BASED L, \\'ITH VANISHIKG .~FFISIJ 
('URRENT 
The field equations which describe the affine field /equations (I-R.(i) 
(7.1) 
(7.2) 
aL”p;,J z 
(7.3) 
(7.4) 
(7.5) 
(75) 
Thus, by Eqs. (7.4) and (7.5), Hub and IaB are pseudo-tensors of weight 
- w and class - u on assuming that 9 is a pseudo-scalar density of 
weight - w and class - u. 
Now, under the constitutive assumption that the affine current S” 
vanishes, Eqs. (7.2) and (7.3) become 
and 
Ha& ,E = 0 (7.7) 
(7.8) 
Subtracting (zo&, + (zo + l)L,,)I@ from both sides of Eq. (7.9, we obtain 
since Ias is a pseudo-tensor of weight - w and class - 2~ (i.e. : IaBJy = 
IaB:y - (zq$ + (w - 1)LJI”B). A ssuming that det (IaD) # 0 and noting 
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that I[@] = 0 by Eq. (7.5), since REGISI = 0, there exists a unique 
symmetric tensor I,, with the property 
Pa Ipy = 6;. (7.10) 
Thus, differentiating Eq. (7.10) covariantly and using (7.9) we obtain 
Ior~;v = - Qws (7.11) 
where 
Qras = Q, f: I,cz LB. (7.12) 
The tensor I,, may thus be looked upon as forming a base field of class 
u and weight w, since we have 
I[&] = 0, 
det &a) # 0, 
Jczp;y = - Qwar 
where QvcrP is a well defined collection of functions by Eqs. (7.9) and (7.12). 
Thus, upon assuming w # - 4, the space described by the affine field 
equations is a well based L, whose affine connection is uniquely deter- 
mined in the sense of Theorem 1. We have thus proved the fol- 
lowing 
THEOREM 5: Let (1) 8 be an 1a dimensional space in which the affine 
field equations are satisfied and szcch that the affine current S” vanishes (2) 
7 be the collection of all Lagrangian functions 
=Wb he, Lam Q(p), Q(p), tt 4 
which are pseudo-scalar densities of weight - w and class - u such that 
wf-4 (7.13) 
det (T,R,,$ # 0 (7.14) 
then, for all elements of F: (1) d is a well based L, with vanishing torsion 
whose affine connectiorc is given by Theorem 1, where 
Qvas = QY !t g,a gepl (7.15) 
(2) the $otentiuls gaiaa, C/J: and the matter fields QCp, are any solutions to the 
equations 
and (3) the tensors Aaa and K,, aye functions oj gxp, z,bC, Q(,,, afad their 
derivatives, as determined by Theorem 4. 
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